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Outline of the Lecturesk*

Part 1: Newtonian Gravity
" Foundations
"  Equations of hydrodynamics
" Spherical and nearly spherical bodies
"  Motion of extended fluid bodies
Part 2: Newtonian Celestial Mechanics
" Two-body Kepler problem
"  Perturbed Kepler problem

*Based on Gravity: Newtonian, post-Newtonian, General Relativistic,
by Eric Poisson and Clifford Will (Cambridge U Press, 2014)




Outline of the Lecturesk*

Part 3: General Relativity
" Einstein equivalence principle
" GR field equations
Part 4: Post-Newtonian & post-Minkowskian theor
" Formulation
" Near-zone physics
" Wave-zone physics
" Radiation reaction

*Based on Gravity: Newtonian, post-Newtonian, General Relativistic,
by Eric Poisson and Clifford Will (Cambridge U Press, 2014)
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Foundations of Newtonian Gravity

Newton’s 2nd law and the law of gravitation:
mra = F
F = —GmgMr/r®
The principle of equivalence:

_mg GMr

a:
mr 3

If mg=mr(1+n)

Then, comparing the acceleration of two different
bodies or materials

GMr
Aa = ay —az = —(n — 12) 5




The Weak Equivalence Principle (WEP)

400 CE loannes Philiponus: “.../et fall from the same hei
two weights of which one is many times as heavy as the
other .... the difference in time is a very small one”

1553 Giambattista Benedetti
proposed equality
1586 Simon Stevin /
experiments /
1589-92 Galileo Gallilel /
Leaning Tower of Pisa? /
1670-87 Newton e
pendulum experiments e s

1889, 1908 Baron R. von Eotvos

torsion balance experiments (10
1990 - 2010 UW (E6t-Wash)

10-13

2010 Atom inteferometers

matter waves vs macroscopic object

Bodies fall in a gravitational field with an acceleration

that is independent of mass, composition or internal structure




Tests of the Weak Equivalence Principle
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Newtonian equations of Hydrodynamics

Writing ma = mVU , Equation of motion
U = GM/r . Field equation
Generalize to multiple sources (sum over M’s) and continuous mati

d ; :
pd—;) = pVU - Vp| Euler equation of motion
% + V- (pv) =0, Continuity equation
V2U = —47Gp, Poisson field equation
% = % +v-Vv, Total or Lagrangian derivative

P = P(,07 T 0 ) Equation of state
Formal solution of Poisson’s field equation:

Write U(t,z) :G/Gw x')p(t, ' )d*z’

Green function V*G(z,z') = —4nd(x — z') = G(z,z') = 1/|z — 2|

d3/
/]w—w’\ 5




Rules of the road

Consequences of the continuity equation: for any f(x,t):

g [seorree) ez~ [ (0% + 15 a
({2
—/(a—fv (p ))dgx
_/(%—kpv Vf) d%—j{fpfv-ds
= [
R T

Useful rules:
= [ottaseaayas = [ (af o V'f) d
ot 0
g p(t, ") f(t,z,x") d’ ’:/p <8f+v Vf+v- V’f) d>x’
dt ot o
/df 3 / é .
_/p AT §

K



Global conservation laws

M = /,O(t, x) d°z = constant d(€V) + pdV =0
V.v=Vtdy/dt

P = /p(t, x)v d’x = constant

E :=T(t) + Q(t) + Eint(t) = constant U5 % /pv2 X,

J = /paz X v d>z = constant Q(t) := —%G/ |wp_pw,] R

i = € 3ZU
: p Fi () ._/ d

d
E/pvd?’x:/(pVU—Vp) d*x

:—G//pp :c—a,;‘gdg d3:c'—j<1{pnd25

>OHOQT ™
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Spherical and nearly spherical bodies

Spherical symmetry

k
%118 (rza—U> = —4nGp(t,r)

r2 Or or
ou  Gm(t,r) Sl N2 7
Crs, - m(t, ) .—/O Awp(t, r")r' = dr
Gm(t,r)

R
Ui = +- 47TG/ okt 2ol

r

Outside the body U = GM/r




Spherical and nearly spherical bodies

Non-spherical bodies: the external field |z'| < |z

Taylor expansion:

] 1 ki 1 W - 1
o Y T o e L i (R A T e
o 2 : 50 (r) +2x x'"0;0) (r)

=1
Then the Newtonian potential outside the body becomes

1
Bhselis ) GZ gv <L>5<L> (;) ,
I (t) = /p(t,a:')a;’<L> d°x’

¥ = 2'27 ... (Ltimes)

O, := 0;0; ... (L times)

(...) := symmetric tracefree product

| &

>»OHOQ™™M

B X< 4H<>»PO®



Symmetric tracefree (STF) tensors

Ak -5ymmetric on all indices, and §;; A'%) =0

Example: gradients of 1/r

8 7”'_1 —n;T 2,
Ojrr™ " = (3nyny — On)r 7,
ijnr_l = — [1577,]77,;{;71” 1= 3(72,]51{% -+ nk;(sjn £ nndyk)} 7“_4

T o n(y,
O = pyrt = (=1)4(20 — )N r£<+i

General formula for n<t>:

[£/2]

n'L) — Z(_l) (26(262_]71_)”1)” {52P L—2P +sym(q)]

q = O1/1(€ = 2p)!(2p)!]]

p=0

>OoHPQT M

X< 4H<>»PO®
B¢
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Symmetric tracefree (STF) tensors

Link between n<L> and spherical harmonics

/)
L
eqpyn't) = (20 = 1)”Pe(e-n)
A7/
(L) .
o DY o ”mz—ﬁ Y om (0, 6)
Yig' = \/ N y1<1> =L e y1<?1j> gk a7’
2<0> 16 ) y2<gy> = 6 ’ y2<0> 2 16—71'

Average of n<L> over a sphere:
(212+1)" (6472 + sym[(£ — 1)!1]) £ = even

(")) = 74 nEdQ) = {
0 ¢ = odd




Spherical and nearly spherical bodies

Example: axially symmetric body e

Iy = —maRG(Je)aet

4n 1 by 3
2l EE *
% \/% +1 MR¢ /'0(?57 £l ) Ok

GM S I\
Wasltr )& - 1— Z Jy (?) Py(cos «9)]
(=2
Note that: <
el dal
5T 1




Motion of extended fluid bodies

Main assumptions:
" Bodies small compared to typical separation (R << r)

= “Isolated” -- no mass flow

m T 3/Gm)1l/2 << T 3/Gm)1/2 -- quasi equilibrium
int ~ (R orb ~ (r

m adiabatic response to tidal deformations -- nearly spherical

External problem:
= determine motions of bodies as functions (or functionals) of
internal parameters

Internal problem:
= given motions, determine evolution of internal parameters

Solve the two problems self-consistently or iteratively Y3

Example: Earth-Moon system -- orbital motion

raises tides, tidally deformed fields affect
motions '
N\

N

>OHOQT ™
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Motion of extended fluid bodies

Basic definitions

. dmA/dt:O
m A ::/p(t,a})d x T | )
A va(t) := =" pvd x
1 S dt ma Ja
ra(t) == m—/ p(t,x)xdx dwv A 1 i) 5
AJA as(t) = T 9 Ed
A

Is the center of mass unique?

" pure convenience, should not wander outside the body
" not physically measurable

= almost impossible to define in GR

gy = /
maa, = —G/A/pp’ /|3d3 rd’x!

/ Z/ m_m/'3 d°z' | d°x

B#A

Define: x:=1A(t)+ T
' =rgt)+ T

"Ap :=—=TA —TB

] ) »oHmOrC T




Motion of extended fluid bodies

N-body point mass

Moments of
other bodies Effect of body’s
own moments

Moment-moment
interaction terms

Two-body system with only body 2 having non-zero <>
ri=7r1—7y, 71:=]|r
= (m1r1 -+ mQT'Q)/m
m = mj + mo

W= mims/m

: _ i 7 £I<L> 1
af’:—G—an—l—GmZ( bel 8jL(—)

P2 ' mo r
(=2

»oHOOC™M
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Outline of the Lecturesk*

Part 1: Newtonian Gravity
" Foundations
"  Equations of hydrodynamics
" Spherical and nearly spherical bodies
"  Motion of extended fluid bodies
Part 2: Newtonian Celestial Mechanics
" Two-body Kepler problem
"  Perturbed Kepler problem

*Based on Gravity: Newtonian, post-Newtonian, General Relativistic,
by Eric Poisson and Clifford Will (Cambridge U Press, 2014)




Motion of extended fluid bodies

N-body point mass

Moments of
other bodies Effect of body’s
own moments

Moment-moment
interaction terms

Two-body system with only body 2 having non-zero <>
ri=7r1—7y, 71:=]|r
= (m1r1 -+ mQT'Q)/m
m = mj + mo

W= mims/m

: _ i 7 £I<L> 1
af’:—G—an—l—GmZ( bel 8jL(—)

P2 ' mo r
(=2

»oHOOC™M
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The two-body Kepler problem

set center of mass at the origin (X = 0)
ignore all multipole moments (spherical bodies or point masses)

define r:=7y—ro,7:=|r|, m:=my+mo, u:=mims/m
reduces to effective one-body problem
Gm
a — —T—2n

Energy and angular momentum conserved:

mimso

-G

71 — 72

orbital plane
is fixed

I ) »oHmOCT



Effective one-body problem

Make orbital plane the x-y plane

rxv:r2@::hez
dt
d )
v:d—::ff“n—l—rqﬁ/\

From energy conservation:
72 =2 — Veg(r)]

h?  Gm

e

r2 r

Reduce to quadratures (integrals)

T d,r,/

+
re V/2[e = Ver ()]

t dt/
e :h/t. S

(2

=

yA

A=dn/do

hyperbolic (E>0)

parabolic (E = 0)

elliptical (E < 0)

circular

radial distance

»oHOOC™M

e



Keplerian orbit solutions

Radial acceleration, or d/dt of energy equation:
h? Gm

o g M o

Find the orbit in space: convert from t to ¢:

dfdt = ¢d/d¢ = (h/r?)d/d¢
e 58 I e PR €
a6 (?) e

I el
= ol e cos’f)
F o

f:=¢ —w trueanomaly

p:=h?/Gm semilatusrectum

Elliptical orbits (e < 1, a > 0) Hyperbolic orbits (e > 1, a < o)

= $= . |

Tperi = 17, ¢=w | Gin — Pout = ™ — 2arcsin(1/e)

p | e —
7napozl_ev ¢:w+ﬂ_ "

|
1
[

1 D ,
@ i= 2 (e + Tapo) = 77 |

] ) »oHmOrC T



Keplerian orbit solutions

Useful relationships

h
o= i sin f
p
2
v = (%n(1+2€&Ef—F€) an(———l>
p [ s
12:::__(¥y7n
2a
2h’E
2
=0
: T WGm)y?

%8 1/2
P =27 (—) for closed orbits
Gm

Alternative solution

r=a(l —ecosu) | u = eccentric anomaly
n(t—T)=u— esinu . f = true anomaly
n = mean moti

f 1+e U 53 gLt i
tan§: i tan§ il
R RV . |
€ 1 B

Al

n = 2n/P |

= e = =




Dynamical symmetry in the Kepler problem

" aand e are constant (related to E and h)
= orbital plane is constant (related to direction of h)
" @ Iis constant -- a hidden, dynamical symmetry

Runge-Lenz vector

v X h :
A = —n ';-
G'm '-
= e(coswe, +sinwe,)
— constant
Comments:

" responsible for the degeneracy of hydrogen energy levels
" added symmetry occurs only for 1/r and r?2 potentials

m deviation from 1/r potential generically causes dw/dt

] ) »oHmOrC T



Keplerian orbit in space

Six orbit elements:

* | = inclination relative to reference plane:
cost=h-ey
Q = angle of ascending node

h - €y
cos ) = —— e
sin ¢ Y
: —> e
" ® = angle of pericenter TN
A X @
; = W
3 D e
€ Sin ¢
" e=|A]

a=h"2/Gm(1l-e2?

m T = time of pericenter passage

fr2
i —d
t /Ohf

Comment: equivalent to the initial conditions X, ..4vo

>»OHOQ™™M

Wz




Osculating orbit elements and the
perturbed Kepler problem

Gmr
@ = + f(r,v,t) Same
i x&v
Define:
r:=rn, r:=p/(l+ecosf), p=a(l—e?) _ ; \
G 7 osculating orbit
= A, shu="v/G
v 7 n + Fal mp \
n = |cos Qcos(w + f) — cosesin Qsin(w + f)] ex \
+ |sin Qcos(w + f) + costcos Qsin(w + f)]| ey actual orbit
+ sinesin(w + f)eyz \
A = [— cos Qsin(w 4 f) — cos ¢ sin €2 cos(w + f)} ex new osculating
+ [—sinQsin(w + f) + costcosQ cos(w + )] ey orbit

+ sinccos(w + f) ez

h:=nXxX=sin:tsinQQex —sintcosf2ey + cosrey

»oHOOC™M

e, a, o, Q, i, T may be functions of time

8



Perturbed Kepler problem

Gmr
=" = —|—f(’T‘,’U,t)
dh
D=, —= E—rxf
v X h dA

=

G —n:>GmE—f><h—I—v><(r><f)

Decompose: f = Rn + SA + Wh

% — —TWA+rSh
dA . el =
Gmﬁ =2hSn — (hR—i— 7“7“8) A —rrWV h.
Example: h=rS
d

(hcosz,) h-ey

>»OHOQ™™M

<4AH<>»O®
i 4
——

ML— —SinL = —rWcos(w + f)sint+rS

8



Perturbed Kepler problem

“Lagrange planetary equations”

3
P _y /2P AL
dt Gm 1+ ecosf

2cos f + e(1 + cos? f)
S|,
1+ecosf

de e R
%— @[SIH]CR—F

die s Cos(w+f)W

dd \VGm1l+ecosf
i) S pasanil B
P Gm1+ecost’

dw 1 [ p 2+ecosf | sin(w + f)

£ i SR e AR R S — ecot

dvs e Gm[ e +1—|—ecosfsmf o Ll—l—ecosfw

An alternative pericenter angle:

w:=w+ {dcost
do st D 24+ ecos f . Lo [
— = —4/=—|—cosfR sin f S ofs 111
i ot Gm{ / +1+ecosf / i @

e



Perturbed Kepler problem

Comments:

these SiX 1st-order ODEs are exactly equivalent to the original
three 2nd-order ODEs

if f = 0, the orbit elements are constants

if f << Gm/r2, use perturbation theory

yields both periodic and secular changes in orbit elements

can convert from d/dt to d/df using

df df dw ds
Tt e B e e AL T
dt %) s o e il dt

Drop if working to

1st order

‘j >OHOQ™ ™




Perturbed Kepler problem
Worked example: perturbations by a third body ¢ 3

aj = —Gmgr—éQ — Gmgr—;g,
e 13
r r
an =+ T2 — G2
19 723
G G
it :;"’" A gjr [n—g(n-N)N] + O(Gmar? /| RY)
R :=|ros|, N :=1ro3/|ras|, m := m1 + mo
Gmar
Ri=f n=-—7 1-3(n-N)?|,
S::f-A:BGg;’T(n-N)()\-N),
W::f-fL:SGg;T(n-N)(ﬁ-N)

Put third body on a circular orbit

dFf  [G(m+m3) _ df
%—\/ R e

>»oH©®QT ™

N =excosF +eysinF,

<4H<>P®
3 %G

e



Perturbed Kepler problem
Worked example: perturbations by a third body

Integrate over f from O to 2nt holding F fixed, then average over F from 0 to 21

(Aa) =0
(A= et E e(1 — e*)Y?sin? 1 sin w cos w
3
(Aw) = 327T Lo (§> (1% %) 518 [5 cos? 1sin’ w+ (1 — e?)(5cos® w — 3)
m
15mms [ a % 9 A b ,
(AL oA o (1 —e?) sin ¢ cos ¢ sin w cos w
m
3
GO = —37#@ (%) (1 —e?)71/2(1 — 5e? cos? w + 4€?) cos ¢
m
Also
3T ms [ a 7 2\1/2 e, . 2 E
<Aw>:7— 7 (1 —e*)*/ 2|1+ sin“ (1 — 5sin w)} :
m b

8



Perturbed Kepler problem
Worked example: perturbations by a third body

Case 1: Copla nar 3rd body and Mercury’s perihelion (i = 0)

(Aw) = 37””3(&)3(1 _ ey

2 m\ R

Planet Semi-major Orbital Fceentricity  Inclination  Inverse

axis period to ecliptic  mass

(AU) () o 1 1Mo =1
Mercury  0.387099 0.24085  0.205628 7.0.15 6010000
Venus 0.723332 0.61521  0.006787 3.23.40 408400
Farth 1.000000 1.00004  0.016722 0.0.0 328910
Mars 1.523691 1.88089  0.093377 1.51.0 3098500
Jupiter 5.202803 11.86223  0.04845 1.18.17 1047.39
Saturn 9.53884 29.4577  0.05565 2.29.22 3498.5

For Jupiter:

dw /dt = 154 as per century (153.6)

For Earth

dw /dt = 62 as per century (90)

] ‘/ >OoHOQC ™



Mercury’s Perihelion: Trouble to Triumpk

* 1687 Newtonian triumph
* 1859 Leverrier's conundrum
* 1900 A turn-of-the century

crisis
Planet Advance
Venus 277.8
Earth 90.0
Mars 2.5
Jupiter 153.6
Saturn 7.3
Total 531.2
Discrepancy 42.9
Modern measured value 42.98 £ 0.02 < [1]
General relativity prediction 42.98 ' @ :

i ( »oHOOC™M




Perturbed Kepler problem
Worked example: perturbations by a third body

Case 2: the Kozai-Lidov mechanism

(Aa) =0
15w ms a )\’
(Ae) = = =2 (ﬁ) e(1 — e2)/2sin? L sinw cosw
m
3 3
(Aw) = 27T s (E) et s [5 cos? tsinw + (1 — e?)(5cos® w — 3)
m
157 ms a 2 PARE 17 - . :
WAty e E g pagra (1 —e*) sin ¢ cos ¢ sin w cos w Stationary point:
™ 3T
wc = — Or—
2 2

A conserved quantity:
e 1 —el = = cos” i

T3 08 L(Ae) + sint{Ar) =0

(V)
Ot W
V)

— /1 — e2 cost = constant




Perturbed Kepler problem
Worked example: perturbations by a third body

Case 2: the Kozai-Lidov mechanism

l‘ ” P ” A \/ 1
0.6 i
. 0.5 Il
Eccentricity Inclination Pericenter




Incorporating post-Newtonian

effects

! """'I‘ UL LRI | L | ot
| » in N-body dynamics
N\
\
"E \
s \
a \
£ \
o~ \
\
'D.1 :_ N,
; DN
AN
\
\
™

0.01 | AN

] \

- Capture by BH N

' N

\
\
103 L ol LN Merritt, Alexander, Mikkola &
107* 107° 0.01 0.1 will, PRD 84, 044024 (2011)

Animations courtesy David Merritt
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Perturbed Kepler problem

Worked example: body with a quadrupole moment

Gmr 3 GmR? { [5(6 ; n)2 B 1}n — 2(e - n)e}a

S
rs 92 4

(8 5=

Aa=0,Ae=0,Ar=0

BN ey |
Aw = 6m.J5 (—) (1 i sin’ L) For Mercury (J, -, x10” 5
|
P dwo ;
R\ 2 = 0.03 as/century i
AQ) = —371Js (—) COS L |
D —
|
_ n
For Earth satellites (J, _ ; pg x 10> i
10 7/2
— = —3639 cos ¢ (g) deg/yr !
' Fl6 |
" LAGEOS (a=1.93 R, i = 10909 120deanr! | ol lﬁ |
m  Sunsynchronous: a= 1.5 R, i = 65.9 h Al o !
l NS

o o —
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Part 1: Newtonian Gravity
" Foundations
"  Equations of hydrodynamics
" Spherical and nearly spherical bodies
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" Two-body Kepler problem
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Outline of the Lecturesk*

Part 3: General Relativity
" Einstein equivalence principle
" GR field equations
Part 4: Post-Newtonian & post-Minkowskian theor
" Formulation
" Near-zone physics
" Wave-zone physics
" Radiation reaction

*Based on Gravity: Newtonian, post-Newtonian, General Relativistic,
by Eric Poisson and Clifford Will (Cambridge U Press, 2014)
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The Einstein Equivalence Principle

® Test bodies fall with the same acceleration

Weak Equivalence Principle (WEP)

" In a local freely falling frame, physics
(nongravitational) is independent of frame’s
velocity

Local Lorentz Invariance (LLI)

" |n a local freely falling frame, physics (non-
gravitational) is independent of frame’s location

Local Position Invariance (LPI)

EEP => Metric theory of gravity

locally -> symmetric guv

®n,

® ‘comma” -> “semicolon”

Gravity = Geometry




“Curved spacetime tells matter how to move
S = —mc? /2 dr 2

= e : —g dr_aﬂ dt
; Bt
Euler-Lagrange equations (using t as parameter):
d?r+ L dr® drP
dr? of dr dr

Christoffel symbols

il

FZB — 5glﬂ/ (8agyﬁ + Qggm b a,/gag).

“Gradient” of a vector
VA = (05A%)E, + A% (D5E,)
= (0pA%)eq + A'T% 5€,

= VgA“e,

=0

ga . 55 = Gap

A geodesic parallel transports its own tangent vectoN -

I ) »oHmOCT



“Curved spacetime tells matter how to move

Continuous matter, stress energy tensor

Perfect fluid: af _— (p02 e —|—p)u0‘u5/02 _|_p90é5
T

VT =0, Vaj*=0

rest mass density
energy density
pressure

o = four velocity

E0 00

1st law of Thermodynamics
de
UaVpT» =0= =+ (+p)V - @ |d(eV) + pdV = 0]
R
Relativistic Euler equation

Du“

(e +p) s —c*(g*" + u*u” /*) V gp

Compare with Newton

dv
Pt

+ VU = —-Vp

»oHOOC™M

B X< 4H<>»PO®

| &



“Matter tells spacetime how to curve”
Riemann tensor R 5 = 0,155 — 051, + F%F’g(s sl slias

Ricci tensor Ris= Rl;uﬂ

Ricci scalar R — gaﬁRaﬁ

1

_gozBR

Einstein tensor Gaﬂ A Raﬂ Ay 9

Bianchi identities VBGQB — 0

/ Vi i Rd437 1 Smatter

(¢
af
TR

Action 167TG

Einstein’s equations: (Go8 —
c

n ‘/ »oHOOC™M




Outline of the Lecturesk*

Part 3: General Relativity
" Einstein equivalence principle
" GR field equations
Part 4: Post-Newtonian & post-Minkowskian theor
" Formulation
" Near-zone physics
" Wave-zone physics
" Radiation reaction

*Based on Gravity: Newtonian, post-Newtonian, General Relativistic,
by Eric Poisson and Clifford Will (Cambridge U Press, 2014)
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Landau-Lifshitz Formulation of GR

Post-Newtonian and post-Minkowskian theory start with the Landau-Lifshitz
formulation

Define the “gothic” metric densitygo‘ﬁ — \/—ggo‘ﬂ

Then Einstein’s equations can be written in the form

167G %
(=) (T + 0

Hoz,uﬁl/ — gaﬁg,uy = gozl/gﬁ,u

B, HH

127 ~ dg - g

Antisym metry Of Hocqu implies the conservation equation

Op [(—g) (T + tﬁﬁ)} = S Nl

I ) »oHmOCT




Landau-Lifshitz Formulation of GR

Conservation equation allows the formulation of global conservation laws:
L 00 00 3
L = /(—9)(T +111,) d°x
dE
dt
Similar conservation laws for linear momentum, angular momentum, and
motion of a center of mass, with

2
(_g)tLJL dQSj

> oo o) da

C

PJ

Jo= EEW /(—g)x"C (Tlo -+ tiOL) d>x

X7

1 ]
5 [ ol (T + 848 &%

i ‘/ »oHOOC™M




Landau-Lifshitz Formulation of GR

Define potentials AP = 770‘5 ey gO‘B

Impose a coordinate condition (gauge): Harmonic or deDonder gauge

85]1@5 =3\ gCIZ(a) =0
¢Dho‘5 = — 167;‘G7_a5

Matter tells C
Spacetime how to 1 82 82 82 82

4 =202 o2 oy | 022
Spacetime TP = (—9) (Taﬂ[ma g] + t%ﬁ lh] + t%B [h])
tells matter o
e t%° ~ dh - Oh + hddh
move 1(957@5 —0 .

Still equivalent to the exact Einstein equations

( >»OHOQ™™M




The “Relaxed” Einstein Equations

l67wG
G ap

a7
fis ks >

O =0

Solve for h as a functional of matter :
Solve for evolution of matter

variables

variables to give h(t,x)




terating the “Relaxed” Einstein Equatiol

Assume th at hocB is “small”, and iterate the relaxed equation:

2 167G
hN[itl = 7 = ﬁ(hN)
h?\fi1 — % smelin L asnbel Aol d>z’
c lx — a’|

Sta rt Wlth hO = 0 and truncate at a desired N

Yields an expansion in powers of G, called a post-Minkowskian expansion

Find the motion of matter using

857-045(}”\7) — 0

I ) »oHmOCT




yolving the “Relaxed” Einstein Equation

t—|x—a'|/c,x")

d3/
z— o i

b= —dmu— y= [ &

N:r <R, 9
W:r' >R
R ~ wavelength

~ §/v

Y = YN + Py




yolving the “Relaxed” Einstein Equation
Far zone

Near zone integral: %\/’
For x >> x’, Taylor expand |x-x’|

t—|x—x'|/c, R =L S t—1r/c,
i |!{L‘_wa/ y):;(m)x o, M r/ y)
A
Yn(te) =) I
(=0

A multipole expansion
T=t— R/c

Integrals depend on R




»olving the “Relaxed” Einstein Equation
Far zone

Far zone integral: ww

ince contributions to w iN the far zone come from retarded fields,
ave the generic form

o~ (0, @)/

Change variables from (r’, 6’, ¢")
to (u’, 0',¢’), where u’ = ct’ = ct’-r’




»olving the “Relaxed” Einstein Equation
Far zone

Far zone integral: ww

- / i 7{ (W /c, 0, ') dQ/
W 4r S(U/)r ', 0, )2 ct—u —n' - x

Integral also depends on R

But w = %\/ 4 ww is independent of R




Gravity as a source of gravity
and gravitational “tails”




yolving the “Relaxed” Einstein Equation
Near zone

Near zone integral: wj\/’

For x ~ x’, Taylor expand about t

00 4N\ 3
= -2l = Y- S 5 ) wteole - o'
DR
IR GRNAY Al L 1
ntm) = 3 (5) [ wee)e-a1

* A post-Newtonian expansion_gz/
in powers of 1/c
e Instantaneous potentials

* Must also calculate the far-zone
integral ¢W




Outline of the Lecturesk*

Part 3: General Relativity
" Einstein equivalence principle
" GR field equations
Part 4: Post-Newtonian & post-Minkowskian theor
" Formulation
" Near-zone physics
" Wave-zone physics
" Radiation reaction

*Based on Gravity: Newtonian, post-Newtonian, General Relativistic,
by Eric Poisson and Clifford Will (Cambridge U Press, 2014)
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Near zone physics; Motion of
extended fluid bodies

Matter variables:

rescaled mass density : p* = pv/—g(u"/c)
proper pressure : p

internal energy per unit mass : Il

four — velocity of fluid element :u® = u"(1,v/c)

D0 o Rt e
5 FV(p'v)=0

Slow-motion assumption v/c << 1:

Vo tpufa) =0 =

TY /T ~ v/e, Tjk/TOO ~ (v/c)?
R/ ~vfe,  WEIR® ~ (v/c)? i




ost-Newtonian approximation: Near zon

Recall the action for a geodesic

S = —mc? /2 g@ U_Z_ €
rc? c2
/ \/ dre dr5
= i :
Gop = g @

vj v vj
e[ @@wm

We need to calculate

6goo to  O(€?) Two iterations of the relaxed
equations required
5903’ to 0(63/2)

592’]’ to O(E)

XAH<>»®©
X ©

( >OoOHPQOT™M
)




ost-Newtonian limit of general relativit

L

U,+H/+3p//p*/)
|z — o’

X(t,x) :=G/p*’|w—w'|d3a¢’,

>|</ /g
I(t, x) G/ d3x
|z — @’

3z




Bounds on the PPN Parameters

Parameter Effect or Experiment Bound Remarks
Time delay 23X 10'5 Cassini tracking
v-1
Light deflection 2x10% VLBI
Perihelion shift 8X 107 J, =2.2x10"
B-1
Nordtvedt effect 2.3x10% LLR, 1 <3 X 1074
13 Spin Precession 4 X 10'9 Millisecond pulsars
10 LLR
oy Orbit polarization
4Xx107 Pulsar | 1738+0333
oy Spin precession 2 X 10'9 Millisecond pulsars
oy Self-acceleration 4 X 10'20 Pulsar spindown
Ql -- 2Xx1072 Combined bounds
CZ Binary acceleration 4 X 10'5 PSR 1913+16
C3 Newton’s 3rd law 108 Lunar acceleration
C4 -- Not independent
-y=3-1105/3-q
1LT+Z00Z/5-£ZC1/5-CZ/5

Bound on scalar-tensor gravity: ® > 40,000

XAH<>PO®

‘J >OoOHOQT™M




Post-Newtonian Hydrodynamics

rrom VT = 0

Post-Newtonian equation of hydrodynamics

@ A n b R pih O
1 1, D j
‘|——2 S —|—U—|—H—|——*— 8]']?—’0815]?
C 2 0
1 :
+ C—2—p* [(fu2 — 40)0;U — v’ (30U + 4vké9kU)

S 4875Uj e Ok (8kUJ Pt 8]Uk) &5 83\11}
+O(c™?)

F
L

G
R




N-body equations of motion

Main assumptions:

. . . B
" Bodies small compared to typical separation (R <<y)
" “jsolated” -- no mass flow
" ignore contributions that scale as R"
B assume bodies are reflection symmetric w
mass: my = / prd3x
A
fog 1 : ra(l)
position : ra(t) = —/ prxd’T
ma Ja é
1 d’I’A N
velocity : wvy(t) = — *od’r = —= A
y: va(t) = /A p = T
1 dv
acceleration : a4(t) = —/ prad’z = —2
ma Ja d Xd s
r=r14(t) + T

( >OHPOT M
'




N-body equations of motion

Dependence on internal structure?

1
TAE—/p*EQdSJJ, PAE/deCEa
2 A A

1 KissteRy/
Qu=-—=G / PP pBFBE Bt = / T d3 %
2 AT =T A

Use the virial theorem:

274+ Q4 +3P4 =0

Then all structure integrals can be absorbed into a single “total” mass:
1
t —4
M 4 —mA—I-— (Ta+ Qa4+ EYY) +0(c %)

This is a manifestation of the Strong Equivalence Principle, satisfied
by GR, but not by most alternative theories. -8l
The motions of all bodies, including NS and BH, are independent of ¢ {1
their internal structure - in GR!




N-body equations of motion

GM
a’A:_Z 2BnAB

BZA "'AB
1 GMp 3
+3 [— Z 2 ['U,%x — 4(va - vB) + 20p — 5(”AB""B)2
BZA 'AB
S5G M 4 46%43]
s — nAB
T"AB T'AB
GM
g Z 3 B |:nAB . (4’UA —3UB):| (’UA —’UB)
BzA TAB

G2M MC 4 ;o A
+’§: E: 2B [ P LE jg(nAB’7Mﬂﬁ]nAB
BZACAAB | AB rac  TBC :le

7 G?MpM,

) E: E: Bz(jnBC +O0(c?).

% TABTBC
B+A C+#A,B

>OoOHPQOT™M

5




N-body equations of motion:
)rked example: 2 bodies and the perihelion sh

Define: (= AT, m = My + M
V=V — V2 . MiM,
a=a;— ao n:(M1+M2)2

n=r/r

r=dr/dt=mn-v

v Gm Gm AR Tk Gm
e CQTQ{[(1+377>U 5 2(2+n) = ]n

—2(2 — 77)7'“'0} + O(c™?),




N-body equations of motion:
)rked example: 2 bodies and the perihelion sh

Components of the disturbing force

Gm 1 , Gm
T S —(1 + 377)1}2 + —(8 — n)r2 +2(24+n)—|,
c’r? | 2 r
Gm | AR
S = 25 22— mi(rd)],
W =0 42.98 “/c for Mercury
Ol/yr for PSR
Integrate the Lagrange planetary equations: 4'226519:13:16
Ae = Aa =0
AQ=A1=0
orG (M + M.
Aw — ( : 2) F |6 |||

a(l — e?)c?




Mercury’s Perihelion: Trouble to Triumpk

* 1687 Newtonian triumph
* 1859 Leverrier’'s conundrum
* 1900 A turn-of-the century

crisis
Planet Advance
Venus 277.8
Earth 90.0
Mars 2.5
Jupiter 153.6
Saturn 7.3
Total 531.2
Discrepancy 42.9
Modern measured value 42.98 £ 0.02 < [1]
General relativity prediction 42.98 ' @ :

i ( »oHOOC™M




Outline of the Lecturesk*

Part 3: General Relativity
" Einstein equivalence principle
" GR field equations
Part 4: Post-Newtonian & post-Minkowskian theor
" Formulation
" Near-zone physics
" Wave-zone physics
" Radiation reaction

*Based on Gravity: Newtonian, post-Newtonian, General Relativistic,
by Eric Poisson and Clifford Will (Cambridge U Press, 2014)
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terating the “Relaxed” Einstein Equatiol

Assume th at hocB is “small”, and iterate the relaxed equation:

2 167G
hN[itl = 7 = ﬁ(hN)
h?\fi1 — % smelin L asnbel Aol d>z’
c lx — a’|

Sta rt Wlth hO = 0 and truncate at a desired N

Yields an expansion in powers of G, called a post-Minkowskian expansion

Find the motion of matter using

857-045(}”\7) — 0

I ) »oHmOCT




Wave Zone Physics: Gravitational Wave:

2 o
Geodesic deviation: D¢ i o B¢y, 0
Je2a —Ig,5u”E U
In the rest frame of an observer
d2£j
oM —c® Rojor&"
1 :
=5 iﬁwthkak (5% t T4 R/C

/\/7

i : e : ! :
Wi = (Pﬂppkq R R e Pl o NI,

Iy
5jkhng =0

>OHPOT M

<X4H<>»®m
N @

o




Wave Zone Physics: Gravitational Wave:

The quadrupole formula:
Requires two iterations of the relaxed Einstein equation:
254 i () (¢ = o - @'|/e,@)rr 5
— X

R e
=l Tt lx — x|

Y
R—G;L(;{) (t — R/c)in the far wave-zone
c
1

AVIB (i)

For an N-body system  j() = 23~ mu0f? — Y- AB
. e TaE

%

0 By convention, the quadrupole formula is called the

" "Newtonian’’-order result
Q Higher order PN corrections can be calculated by further

iterating the relaxed equations
Q 3 iterations needed for 1 & 1.5 PN order, 4 for 2PN order etc

XA4H<> 7%
X ®

( >OHDQOT ™M




Wave Zone Physics: Gravitational Wave:

Beyond the quadrupole formula:

For a binary system in a circular orbit:

277Gm

hy x = 32 [( IR AN H s e AR S g PIRL 0(54)}

7Y — 90 sin 20,

X
C = cost

[1/2] . 9 :
T RS ——SC'sm\I!—I—ZSCsm&IJ, G
g — 30 [(17 407 (13 - 1202)77] sin 20 — 2(1 — 31)S20'sin 47,

HB/2 %SC [(63 _50?%) —2(23 - 502)77] sin W

9 e L L . 625 . 5 g3
645(][(67 15C2) — 2(19 150)}sm3xp+192(1 21)S3C'sin 57,

GmS2 A U M1M2 M1 T MQ
B ( o8 > C; m T 2,1 (M1—|—M2)2, ‘1\4-14_]\4-2

XA4H<> 7%
N ©

‘J >OoOHOQT™M
)




Wave Zone Physics: Gravitational Wave:

Beyond the quadrupole formula:

277Gm

h_|_7x —5=

g2 |+ 2np*) Y, + ABHI + gAY, 0(8")

79 — _oCsin 20,

X

U = Q(t—R/C— 2 In 4QR)

c3 c

Shapiro time

delay




Wave Zone Physics: Energy flux

dE
R c/@OTOOd?’m

= —C]{(—g)t%idsj

o jq{ (1) + (Buhx)?] d2

167G

G +({pq) "3 (Pq) v
:_ﬁl 1 —|-O(C )

Q Called the quadrupole formula for energy flux
d Also known as the “Newtonian” order contribution
Q Also a flux of angular momentum dJ/dt and of linear momentum dP/d!

For a 2-body system:
1 D e e €
i 15" G

1
= ) (120° — 117%)




Energy flux: eccentric orbit

B et Vot c2p

dE 32 ,c [ Gm
12

5
1
) (14 ecos ) [1 + 2ecos ¢ + —e?(1 + 11 cos® @)

dE
dt

t/P




Energy flux and binary pulsars

Orbit-averaged flux

dE 32 ,¢8 (Gm)\° L+ 50¢” + g5¢”
e F'(e) Fle) = VP 27/2
dt GG \iicsn ke e

Period decrease E o a ! o« P~2/3

dP 1927 (GM 21\ S
e e G 1)

M = p*/5m = chirp mass ion N\
.-
4 “Newtonian” GW flux \ ]
O 2.5 PN correction to Newtonian T AT T TATION, -
equations of motion
O PN corrections can be
calculated, now reaching 4 PN B 1913+16.
S Hulse-Taylor binary pulsar

‘J >OH®QMT M
)\




Energy flux and GW interferometers

For a circular orbit, to 3.5 PN order:

v=n=MDM/(M + M)’ z = 323 = (GmQ/3)?/3 ~ (v/e)?
29,5 L’ SHa e Lf//
dE  32c 1247 35 =
R e LS O I e (et ity ) R W
dt s Aab 12
( 4711 9271 65

i 5191 583

g T i T — —v | ax

9072 204 1 672 24
{GHETEQSIG 36, o] 12 506

Sy "'I__'

Hi= — — In(16z
60854400 = 3 [0 B~ 1o [n(16z)

134543 41 5 94403 o Tid 3| 3
S i 24 L Ly — e I et r
776 45 3024 2

8|
16255 214745 1933580 5 7/2 1
10 At g v b e o v lmxt T + 0| =
204 1728 3024

.,_,.I
)

2 1]

>OoOHOQT™M

XAH<>» P ®
N ®




interferometers

nd GW

aq

Energy flux

LIGO Hanford 4&2 km

GEO Hannover 600 m

G
R
A
\%
i
T
i

Kagra Japan
3 km

LIGO South
Indigo

Virgo Cascina 3 km

LIGO l..,ivig_sto.n 4 km



Energy flux and GW interferometers

025 T T T T T T
02 r=5M

0157 l gt
0.1 . ‘ | {\ e

0.05"
005 TR
-0.15-
-0.2"

rh (M)

-1400 -1200 -1000 -800 -600 -400 -200 0
time (M)

Baker et al. gr-qc/0612024




Outline of the Lecturesk*

Part 3: General Relativity
" Einstein equivalence principle
" GR field equations
Part 4: Post-Newtonian & post-Minkowskian theor
" Formulation
" Near-zone physics
" Wave-zone physics
" Radiation reaction

*Based on Gravity: Newtonian, post-Newtonian, General Relativistic,
by Eric Poisson and Clifford Will (Cambridge U Press, 2014)
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Wave Zone Physics: Radiation reaction

LOSS Of energy at Order C-5 implies that the dynamics of a system cannot be

conservative at 2.5 PN order

There must be a radiation reaction force F that dissipates energy
according to

dE
ZFA-’UA:E
A

To find this force, we return to the near-zone and iterate the

relaxed Einstein equations 3 times to find the metric to 2.5 PN
order

That metric is inserted into the equations of motionVBTO‘B =0

There are Newtonian, 1 PN, 2 PN, 2.5 PN, .... terms (no 1.5
PN!)

Happily, to find the leading 2.5 PN contributions, it is not
necessary to calculate the 2 PN terms explicitly (though
that has been done)

( >OHPOT M
'




Wave Zone Physics: Radiation reaction

Newtonian plUS expand 00 in the near zone:
corrections up 1 PN
to 2.5 PN order No 0.5 PN term: conservation correction

within t0° g2x/de2

Pure function of
time - a
coordinate effect

<X4H<>»®m
N @

‘J >OoH®QC M




Wave Zone Physics: Radiation reaction

Pulling all the contributions together, we find the equations of
hydrodynamics to 2.5 PN order

dv

p*E =p*VU = Vp+0(c?)+0(c) + f

Where f is a radiation reaction force density. For body A
F, = / o* fd’x
A
For a 2-body system, this leads to a radiation-reaction contribution

s e K?ﬂﬂ + 1—7GM)m 3 (v2 +3GM)v]

5° ¢dr3 3 7 r

>OHDQOT ™M

XAH<>P®
N @

This is harmonic gauge (also called Damour-Deruelle gauge)

5




Wave Zone Physics: Radiation reaction

Alternative gauge: the Burke-Thorne gauge. All RR effects
embodied in a modification of the Newtonian potential

G d°I9%)
5¢°  dt°

For a two body system

2
el [(18v2+§G—M—25f2)fn—(6v —2G—M—157~) ]

ST 577 cor3 r r

Ik

U— U —

In any gauge, orbital damping precisely matches wave-zone fluxes:

T 26 (Gm> (1202 — 1172) ,

dt_15 G \¢c2r

dJ’ 8 ,c [(Gm S Gm

1ot AL . sl A T, 0B

i =i (ar) M- ),

dP? 8 Gm ; Gm

e e LS e\ s Ty F
et ”a( ) [ (50v 382 1 8 ) £

5

G
— in (551} — 452 +127m>]




Wave Zone Physics: Radiation reaction

Insertlng aRR into the Lagrange planetary equation as a disturbing force and integrating over an orbit

dp 64 (GM)’ A 7 p=a(l-e?
il e W R /2430 8 2
dt 5776(02]9) o ol Vg Bl

de 304 GM\* 121
SC Coal - R R NP A oy
i~ 15 <02p>( %) <+3046

Radiation reaction causes 2-body orbits to inspiral and circularize

d The Hulse-Taylor binary pulsar will circularize and
merge within 300 Myr; the double pulsar within 85
Myr

3 This is short compared to the age of galaxies (5 - 10
Gyr)

d There must be NS-NS binaries merging today
(possibly even NS-BH and BH-BH binaries)

d The inspiral of compact binaries is a leading potential
source of GW for interferometers




Outline of the Lecturesk*

Part 1: Newtonian Gravity
" Foundations
"  Equations of hydrodynamics
" Spherical and nearly spherical bodies
"  Motion of extended fluid bodies
Part 2: Newtonian Celestial Mechanics
" Two-body Kepler problem
"  Perturbed Kepler problem

*Based on Gravity: Newtonian, post-Newtonian, General Relativistic,
by Eric Poisson and Clifford Will (Cambridge U Press, 2014)




Outline of the Lecturesk*

Part 3: General Relativity
" Einstein equivalence principle
" GR field equations
Part 4: Post-Newtonian & post-Minkowskian theor
" Formulation
" Near-zone physics
" Wave-zone physics
" Radiation reaction

*Based on Gravity: Newtonian, post-Newtonian, General Relativistic,
by Eric Poisson and Clifford Will (Cambridge U Press, 2014)
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Gravity

Newtonian, Post-Newtonian, Relativistic

Eric Poisson and Clifford M. Will

CAMBRIDGE

F |6
Sl
*Based on Gravity: Newtonian, post-Newtonian, General Relativistic, Igi ‘
by Eric Poisson and Clifford Will (Cambridge U Press, 2014) e
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